Introduction
In [1] it was proved that the product of pseudocompact groups is pseudocompact. In [2] the compactness-type properties of products of homogeneous spaces were studied. In particular, homogeneous pseudocompact spaces X and Y whose product X × Y is not pseudocompact was constructed [2, Theorem 1.1]. Under Martin's axiom homogeneous countably compact spaces X and Y whose product X × Y is not pseudocompact were also constructed [2, Theorem 4.1] and the problem of the existence of such spaces without additional set-theoretic assumptions was posed [2, Question 5.1(a)]) . In this paper we construct such an example (Theorem 1). However, the problem of the existence of a homogeneous pseudocompact space X for which the product X × X is not pseudocompact [2, Question 5.3] still remains open.
In [3] products of homogeneous extremally disconnected spaces were studied. Under Martin's axiom homogeneous extremally disconnected countably compact spaces X and Y with non-countably compact product X × Y were constructed [3, Theorem 4.2] . In [5] this example was improved; namely, the product X × Y was made nonpseudocompact [5, Theorem 3] . In [4] homogeneous extremally disconnected countably compact spaces X and Y for which the product X × Y is not countably compact were constructed without additional set-theoretic assumptions [4, Theorem 4.1] .
The homogeneous extremally disconnected countably compact spaces constructed in [3, 4, 5] are maximally homogeneous (see Definition 4 below). In this paper we prove that the countable power of a maximally homogeneous extremally disconnected countably compact space is countably compact (Corollary 3).
In [8] Arhangel'skii proved that any compact subset of an extremally disconnected topological group is finite. At the same time, Frolíc proved that homogeneous extremally disconnected compact spaces are finite [6] . In this paper we obtain a simultaneous generalization of these two theorems; namely, we prove that all compact subsets of homogeneous extremally disconnected spaces are finite (Corollary 4), which answers Questions 4.5.2 and 4.5.3 in [7] . This statement follows also from Theorem 2(c) of [22] . It can be strengthened: all compact subsets of homogeneous subspaces of the third power of an extremally disconnected space are finite (Theorem 5). The author is unaware of whether this is true for the fourth power without additional set-theoretic assumptions (Question 2). However, under CH, it is true. Moreover, under CH, all compact subsets of homogeneous subspaces of any finite power of an extremally disconnected space are finite (Theorem 4) and all compact subsets of homogeneous subspaces of the countable power of an extremally disconnected space are metrizable (Theorem 3). It is unknown whether the last statement can be proved naïvely (Question 1).
We also strengthen Frolík's theorem mentioned above by proving that all compact homogeneous subspaces of finite powers of an extremally disconnected space are finite (Theorem 6).
Conventions, Definitions, and Notation
All spaces considered in this paper are assumed to be completely regular and Hausdorff. The set of positive integers is denoted by ω, β ω is the set of all ultrafilters on ω, and ω * = β ω \ ω is the set of free ultrafilters on ω. Given a space X and a set M ⊂ X, by M X and int X (M ) we denote, respectively, the closure and the interior of M in X. When it is clear from the context what ambient space X is meant, we write simply M and int(M ) instead of M X and int X (M ). By id X we denote the identity self-map of X.
Recall that a space X is said to be extremally disconnected (ED ) if U ∩V = ∅ for any disjoint open sets U, V ⊂ X. A completely regular Hausdorff space is called an F-space if every cozero set is C * -embedded in this space. Elementary properties of F-spaces and ED spaces can be found in the book [12] by Gillman and Jerison. Any ED space is an F-space.
In a space X is called a β ω space if, given any countable discrete set M ⊂ X with compact closure M , its closure is homeomorphic to β ω [15] . Any F -space is a β ω space, and any subspace of a β ω space is a β ω space.
Let us remind the definition of the Keisler-Rudin order ≤ KR on ω * . Let p, q ∈ ω * . Then p ≤ KR q if and only if there exists a map f : ω → ω such that βf (q) = p. Here βf : β ω → β ω is the continuous extension of the map f .
Let X be space. We say that a sequence ζ = (x n ) n∈ω on X is exact if x n = x m for n = m and discrete if the set {x n : n ∈ ω} is discrete.
We use the following notation:
• S(X) = X ω is the set of all sequences on X;
• S k (X) is the set of sequences on X whose ranges have compact closure in X;
• S d (X) is the set of discrete exact sequences on X;
is the set of discrete exact sequences on X whose ranges have compact closure.
Let T denote the topology of X, and let T * = T \ {∅}. Then
• O(X) = T ω * is the set of sequences of nonempty open subsets of X;
• O d (X) is the set of disjoint sequences of nonempty open subsets of X.
Given a sequence ξ = (M n ) n∈ω of subsets of X, a point x ∈ X, and a set M ⊂ X, we put
for each neighborhood U of x};
For a sequence ζ = (x n ) n∈ω of points on X, we set
• sp(X) = x∈X sp(x, X);
Note that p ∈ u x (ζ) if and only if x is the p-limit of the sequence ζ. We denote the p-limit of ζ by lim p ζ.
Sequences on Spaces
Definition 1. We say that a sequence ζ = (x n ) n∈ω is almost exact if there exists an N ∈ ω such that x n = x m for n = m and n, m > N . We say that ζ is almost stationary if there exists an N ∈ ω such that x n = x m for n, m > N . Statement 1. Suppose that X = n∈ω X n is a countable product of spaces, M ⊂ X is an infinite subset of X, and π n : X → X n is the projection for each n ∈ ω. Then there exists an exact sequence (x k ) k∈ω ⊂ M such that (π n (x k ) k∈ω is an almost stationary or almost exact discrete sequence in X n for each n.
Proof. It is easy to construct, by induction, a sequence of infinite sets (M n ⊂ M ) n∈ω such that, for each n, M n+1 ⊂ M n and either |π n (M n )| = 1 or π n ↾ M is an injective map and the set π n (M n ) is discrete in X n . It remains to take an exact sequence (x k ) k∈ω such that x k ∈ M k for all k.
Statement 2. Let X be a space, and let (U n ) n∈ω ∈ O(X). Then there exists an infinite set M ⊂ ω and a family of nonempty open sets (V n ) n∈M such that V n ⊂ U n for n ∈ M and one of the following conditions holds:
(2) all V n coincide and consist of one point.
Proof. Consider two cases.
The first case. For any finite set K, the complement U n \ K is nonempty for infinitely many n. Then it is easy to inductively construct an infinite set M ′ ⊂ ω and a sequence (x n ) n∈M ′ such that x n ∈ U n and x m = x n for any different n, m ∈ M ′ . Choose an infinite set M ⊂ M ′ so that {x n : n ∈ M } is discrete. Take neighborhoods W n of x n for which the family {W n : n ∈ M } is disjoint. The family of V n = U n ∩ W n satisfies condition (1) .
The second case. There exists a finite set K ⊂ X which contains almost all U n . In this case, we can find its subset U ⊂ K and an infinite set M ⊂ ω such that U n = U for n ∈ M . Choose u ∈ U . The family of V n = {u}, n ∈ M , satisfies condition (2). Statement 3. Let X = n∈ω X n be a countable product of spaces, and let (W k ) k∈ω ∈ O(X). Then there exists an increasing sequence (n k ) k∈ω ⊂ ω and sequences (U n,k ) k∈ω ∈ O(X n ), n ∈ ω, such that n∈ω U n,k ⊂ W n k and, for each n ∈ ω, the family ζ n = {U n,k : k > n} satisfies one of the following conditions:
(2) ζ n consists of coinciding one-point sets.
Proof. There exist (V n,k ) k∈ω ∈ O(X n ), n ∈ ω, such that n∈ω V n,k ⊂ W k .
Using Statement 2, we can easily construct a decreasing sequence (M n ) n∈ω infinite subsets of ω and a family of sequences (Q n,k ) k∈ω ∈ O(X n ) so that Q n,k ⊂ V n,k for all n, k and one of the following conditions holds:
(2) {Q n,k : k ∈ M n } consists of coinciding one-point sets.
It remains to take an increasing sequence (n k ) k∈ω ⊂ ω with n k ∈ M k for k ∈ ω and put U n,k = Q n,n k for k, n ∈ ω. Statement 4. For any space X and any sequences (U n ) n∈ω , (V n ) n∈ω ∈ O d (X), one of the following conditions holds:
(1) U n = V n and |U n | = 1 for almost all n; (2) there exists an infinite set M ⊂ ω and families (U
Proof. Suppose that (1) does not hold. Then there exists an infinite set M ′ ⊂ ω and families (U
The first case. The set A n is infinite for some n ∈ M ′ . In this case, we take M = A n and put
The second case. The set B n is infinite for some n ∈ M ′ . In this case, we take M = B n and put
The third case. The sets A n and B n are finite for all n ∈ M ′ . In this case, there exists a sequence (
Extremally Disconnected Spaces and Ultrafilters
Statement 5 ( [12, 13, 14] ). The following assertions are equivalent for any completely regular Hausdorff space X:
(1) X is ED;
(2) every dense subset of X is ED;
(4) every dense subset of X is C * -embedded;
The following assertion is a direct consequence of definitions.
Statement 6.
A space X is a β ω space if and only if |u x (ζ)| ≤ 1 for any x ∈ X and ζ ∈ S dk (X). Proposition 1. Let X be a space.
(1) If X contains an infinite compact set, then sp k (X) = ω * .
(2) If X is homogeneous, then sp(X) = sp(x, X) and sp k (X) = sp k (x, X) for any x ∈ X.
Proof.
(1) Since X contains an infinite compact set, it follows that S dk (X) = ∅.
Since X is homogeneous, it follows that sp(x, X) = sp(y, X) and
Proposition 2 (Frolík, [6] ). Let X be an ED space, and let x ∈ X. Then the set sp(x, X) is totally ordered with respect to the Keisler-Rudin order.
Proposition 3. Let X be a β ω space, and let x ∈ X. Then the set sp k (x, X) is totally ordered with respect to the Keisler-Rudin order.
Proof. Let p, q ∈ sp k (x, X). Then we have {p} = u x (ζ) and {q} = u x (ζ) for some ζ, ξ ∈ S dk (X). Let M be the set of isolated points in ζ ∪ ξ, and let K = M . Then ζ, ξ ⊂ K and p, q ∈ sp(x, K). Since K is homeomorphic to β ω and extremally disconnected, it follows by Proposition 2 that p and q are ≤ KR -comparable.
Proposition 4 (Kunen, [16, Lemma 4]).
Let p, q ∈ ω * be ≤ KR -incomparable weak P -points, and let X be any compact F-space. Suppose that ζ = (x n ) n∈ω ∈ S d (X), ξ = (y n ) n∈ω ∈ S(X), and x = lim p ζ = lim q ξ. Then {n : y n = x} ∈ q.
Proposition 4 implies the following assertion.
Proposition 5. Let p, q ∈ ω * be ≤ KR -incomparable weak P -points, and let X be any F-space. Suppose that ζ = (x n ) n∈ω ∈ S dk (X), ξ = (y n ) n∈ω ∈ S k (X), and x = lim p ζ = lim q ξ. Then {n : y n = x} ∈ q.
Proposition 6 (Simon, [19] ; see also [18, 17] ). There exists a set C ⊂ ω * , |C| = 2 2 ω , consisting of pairwise ≤ KR -incomparable weak P -ultrafilters.
Proposition 7 ([20]). (CH)
There exists a set C ⊂ ω * , |C| = 2 2 ω , consisting of pairwise ≤ KR -incomparable selective ultrafilters.
Statement 7.
Suppose that X is a β ω space, A is a set, K is a compact subspace of X A , and one of the following conditions holds:
(1) A is finite and K is infinite;
(2) A is infinite and w(K) > |A|.
Then β ω is embedded in K.
Proof. For each α ∈ A, let π α : X A → X denote the projection onto the αth factor. There exists an α ∈ A for which π α (K) is infinite. Let M be a countable discrete subspace of K for which π α ↾ M is injective and π α (M ) is a discrete subspace of X. Then M is homeomorphic to β ω. Statement 8. Suppose that X is an β ω space, p ∈ ω * is a selective ultrafilter, ζ = (z n ) n∈ω ∈ S(X ω ), and z = lim p ζ ∈ X ω . Suppose also that {z} ∪ {z n : n ∈ M } is nonmetrizable for any M ∈ p. Let π k : X ω → X denote the projection of X ω onto the kth factor. Then there exists an m ∈ ω and an N ∈ p such that the sequence (π m (z n )) n∈N is discrete and exact, i.e., the set {π m (z n ) : n ∈ N } is discrete and π m (x j ) = π m (x i ) for any different i, j ∈ N .
Proof. First, we take m ∈ ω such that π m (M ) is infinite for each M ∈ p. Such an m exists. Indeed, otherwise, we can choose M m ∈ p so that |π m (M m )| = 1 for each m ∈ ω. Since the ultrafilter p is selective, there exists an M ∈ p such that M m \ M is finite for each m ∈ ω. The set {z} ∪ {z n : n ∈ M } is metrizable, which contradicts the assumption.
Let (U n ) n∈ω be a sequence of neighborhoods of the point π m (z) for which π m (ζ) ∩ n∈ω U n contains at most one point and
Countably Compact and Pseudocompact Product Spaces
The following assertion is easy to verify.
Statement 9.
Suppose that {X α : α ∈ A} is a family spaces, ζ α = (R α,n ) n∈ω is a sequence of nonempty subsets of X α for each α, and R n = α∈ω R α,n . Then the sequence (R n )) n∈ω is locally finite (or, in other words, has no accumulation points) in α∈A X α if and only if α∈A u Xα (ζ α ) = ∅.
Proposition 8. Let X be a space, and let τ be a cardinal.
(a) The following conditions are equivalent:
(1) X is countably compact;
(b) The following conditions are equivalent:
(1) X ω is countably compact;
(2) ζ∈γ u(ζ) = ∅ for all γ ⊂ S(X) with |γ| ≤ ω;
(c) The following conditions are equivalent:
(1) X τ is countably compact;
(2) ζ∈γ u(ζ) = ∅ for all γ ⊂ S(X) with |γ| ≤ τ .
Proof. Statement 9 implies the equivalence of conditions (1) and (2) (2) in (a) follows from the fact that each countable set contains a discrete countable subset. Let us prove that (3) =⇒ (2) in (b). Let π n denote the projection of X ω onto the nth factor. Take an infinite set M ⊂ X. Statement 1 implies the existence of an exact sequence (x k ) k∈ω ⊂ M such that (π n (x k ) k∈ω is an almost stationary or almost exact discrete sequence in X. In view of (3), we have P = ζ∈γ u(ζ) = ∅, where γ = {(π n (x k ) k∈ω : n ∈ ω}. Take p ∈ P . Let y n be the p-limit of the sequence π n (x k ) k∈ω , and let y = (y n ) n∈ω . Then the point y is the p-limit of (x k ) k∈ω . Therefore, y is an accumulation point for the set M .
Proposition 9. Let X be a space, and let τ be an infinite cardinal.
(1) X is pseudocompact;
Proof. Assertion (a) follows from Statement 2. Let us prove (b).
(1) =⇒ (2) Let γ = {(U n,k ) k∈ω : n ∈ ω} ⊂ O(X). We set
It follows from the pseudocompactness of X ω that the family (V k ) k∈ω is not locally finite. Statement 9 implies ζ∈γ u(ζ)
. By virtue of Statement 3 there exists an increasing sequence (n k ) k∈ω ⊂ ω and sequences (U n,k ) k∈ω ∈ O(X), n ∈ ω, such that n∈ω U n,k ⊂ W n k and, for each n ∈ ω, the family ζ n = {U n,k : k > n} satisfies one of the following conditions:
(1) ζ n is disjoint; (2) ζ n consists of coinciding one-point sets.
According to (3), we have n∈ω u((U n,k ) k∈ω ) = ∅. By virtue of Statement 9 the sequence (W k ) k∈ω is not locally finite.
The equivalence (3) ⇐⇒ (4) was proved in [11] .
Definition 2. Let p ∈ ω * be an ultrafilter. We say that a space X is discretely p-compact if any discrete exact sequence (x n ) n∈ω ⊂ X has a p-limit.
Definition 3. Let p ∈ ω * be an ultrafilter. We say that a space X is sequentially p-compact if any infinite set M ⊂ X has an infinite subset L ⊂ M such that any exact sequence (x n ) n∈ω ⊂ L has a p-limit.
Any infinite set contains an choose infinite discrete subset. This implies the following assertion.
Proposition 10. Let p ∈ ω * be an ultrafilter. Then any discrete p-compact space is sequentially p-compact.
Proposition 11. Let X be a sequentially p-compact space. Then X ω is sequentially p-compact.
Proof. Take an infinite set M ⊂ X ω . By virtue of Statement 1 there exists an exact sequence (x k ) k∈ω ⊂ M such that (π n (x k ) k∈ω is an almost stationary or almost exact discrete sequence in X for each n (here π n : X → X denotes the projection onto the nth factor). There exists a decreasing sequence (S n ) n∈ω of infinite subsets of ω such that, for each n ∈ ω, one of the following conditions holds:
(1) π n (x i ) = π n (x j ) for i, j ∈ S n ; (2) π n (x i ) = π n (x j ) for any different i, j ∈ S n and each exact sequence (y l ) l∈ω ⊂ {π n (x k ) : k ∈ S n } has a p-limit.
Take an exact sequence (s n ) n∈ω such that s n ∈ S n for all n. Let L = {x s k : k ∈ ω}. Then any exact sequence (y n ) n∈ω ⊂ L has a p-limit.
Proposition 12. Let X be a compact β ω space, and let M ⊂ X, |M | < 2
Proof. Suppose that, on the contrary, there exist
By virtue of Statement 6, there exists a set C ⊂ ω * , |C| = 2 2 ω , which consists of pairwise ≤ KR -incomparable ultrafilters. Since |C| > |M |, it follows that x = lim p ζ p = lim q ζ q ∈ M for some different p, q ∈ C. We have p, q ∈ sp k (x, X), which contradicts Proposition 3.
Homogeneous Product Spaces
Given a cardinal τ , a set A, a family of spaces (X α ) α∈A , and a point (x α ) α∈A ∈ α∈A X α , we set We denote
We also set
for any space X. The space H ω1 (X) is a Σ-product in X X×ω1 , and H ω (X) is a σ-product in X X×ω .
Proposition 13 ([9]
). Let X be a space, and let τ be an infinite cardinal. Then the space H τ (X) is homogeneous and homeomorphic to X × H τ (X).
Proposition 14 ([9]
). Let X be a space, and let Y = H ω1 (X). If X is pcompact for some p ∈ ω * , then so is Y .
Proposition 15. Let X be a space, and let Y = H ω1 (X). If X is sequentially p-compact for some p ∈ ω * , then so is Y .
There exists a closed set F ⊂ Y such that M ⊂ F and F is homeomorphic to X ω . Proposition 11 implies the sequential p-compactness of F . Hence there exists an infinite set L ⊂ M such that any exact sequence (x n ) n∈ω ⊂ L has a p-limit in F ⊂ Y .
Proposition 16. For any p ∈ ω * , there exist extremally disconnected spaces X and Y such that X is p-compact, Y is sequentially q-compact for some q ∈ ω * , and X × Y is not pseudocompact.
Proof. Let X be a minimal p-compact subspace of β ω containing ω. Then |X| ≤ 2 ω . We set Y = ω ∪ (β ω \ X). Since X ∩ Y = ω, it follows that X × Y is not pseudocompact, and since |βω \ Y | ≤ |X| ≤ 2 ω , it follows by Proposition 12 that Y is sequentially q-compact for some q ∈ ω * . Theorem 1. For any p ∈ ω * , there exist homogeneous spaces X and Y such that X is p-compact, Y is sequentially q-compact for some q ∈ ω * , and X × Y is not pseudocompact. Moreover, the space X τ is countably compact for any τ and Y ω is countably compact.
Proof. By virtue of Proposition 16, there exist extremally disconnected spaces X ′ and Y ′ such that X ′ is p-compact, Y ′ is sequentially q-compact for some q ∈ ω * , and X ′ × Y ′ is not pseudocompact. We set X = H ω1 (X ′ ) and Y = H ω1 (Y ′ ). According to Proposition 13, the spaces X and Y are homogeneous and X ′ × Y ′ is a continuous image of X × Y . Therefore, X × Y is not pseudocompact. By Propositions 14 and 15 the space X is p-compact and Y is sequentially qcompact, and by Proposition 11 the product space Y ω is countably compact.
Maximally Homogeneous Spaces
Given a space X, we denote the group of self-homeomorphisms of X by Aut(X) and set H(X) = {g(x) : x ∈ X, g ∈ Aut(β X)}.
The following assertion is a direct consequence of these definitions.
Statement 10. If X is a space, then H(H(X)) = H(X).
If X is a homogeneous space, then so is H(X).
Definition 4. We say that a space X is maximally homogeneous if X is homogeneous and H(X) = X.
This definition immediately implies the following assertion.
Statement 11.
If X is a homogeneous space, then H(X) is maximally homogeneous.
Statement 12.
If X is an extremally disconnected space, U, V ⊂ X are nonempty disjoint open subsets of X, and f : U → V is a homeomorphism, then there exists anf ∈ Aut(β X) for whichf
Proof. We set W = U ∪ V . Consider the homeomorphism g : W → W defined by
Letg : β W → β W be the continuous extension of g, and letf : β X → β X be the homeomorphism defined bỹ
Statement 12 has the following corollary.
Corollary 1.
If X is a maximally homogeneous extremally disconnected space, U, V ⊂ X are nonempty disjoint open subsets of X, and f : U → V is a homeomorphism, then there exists anf ∈ Aut(X) for whichf
Statement 13. Let X be a maximally homogeneous nondiscrete extremally disconnected space, and let (x n ) n∈ω , (y n ) n∈ω ∈ S d (X). Then there exists an f ∈ Aut(X) such that f (x n ) = y n for all n ∈ ω.
Proof. There exists a nonempty clopen set O ⊂ X such that
Let us show that there exists a g ∈ Aut(X) such that g(x n ) = z n for all n ∈ ω. For each n ∈ ω, take g n ∈ Aut(X) taking x n to z n . There exist sequences (U n ) n∈ω , (V n ) n∈ω ∈ O d (X) satisfying the conditions g n (U n ) = V n , x n ∈ U n ⊂ X \ W , and z n ∈ V n ⊂ W for each n ∈ ω. We set U = n∈ω U n and V = Vn∈ω U n and consider the homeomorphism g
, and g ↾ S = id S , where S = X \ (U ∩ V ). Similarly, there exists an h ∈ Aut(X) such that h(y n ) = z n for all n ∈ ω. It remains to set
Corollary 2. Let X be a maximally homogeneous extremally disconnected space.
Proposition 17. Let X be a maximally homogeneous extremally disconnected space containing a countable nonclosed discrete subspace. Then X is discretely p-compact for some free ultrafilter p ∈ ω * .
Therefore, ρ has a p-limit in X.
Propositions 17 and 11 imply the following assertion.
Corollary 3. Let X be a countably compact maximally homogeneous extremally disconnected space. Then X ω is countably compact.
Lemma 1. Let X be an extremally disconnected space which is not a P -space. Then there exists a point x * ∈ X and a sequence (O n ) n∈ω O(X) such that O n is clopen and x * ∈ O n+1 ⊂ O n for each n ∈ ω and the set n∈ω O n is nowhere dense in X.
Proof. There exists a point x * ∈ X and a sequence (U n ) n∈ω O(X) such that x * ∈ U n+1 ⊂ subsetO n and U n is clopen for each n ∈ ω and x * / ∈ int(F ), where F = n∈ω O n . The set F is closed, and since X is extremally disconnected, it follows that int(F ) is clopen. It remains to set O n = U n \ int(F ).
Proposition 18. Let X be a homogeneous extremally disconnected space which is not a P -space. Then X ω is pseudocompact.
Proof. Using Lemma 1, we take x * ∈ X and (O n ) n∈ω O(X) such that O n is clopen and x * ∈ O n+1 ⊂ O n for each n ∈ ω and the set n∈ω O n is nowhere dense in X. Let ζ n = (U n,k ) k∈ω ∈ O n (X). By virtue of Proposition 9, to prove the proposition, it suffices to show that n∈ω u(ζ n ) = ∅.
Since X is a zero-dimensional homogeneous space, it follows that, for each k ∈ ω, there exist homeomorphic clopen sets
Let h n,k : V k → V n,k be homeomorphisms, and let S n,k = h n,k (S k ) for n = 0, 1, . . . , k. We set
Lemma 2. The following assertions hold:
Proof. We set F = k∈ω V k and Q k = j≥k S j . By construction we have
(1) Since P = n∈ω O n is nowhere dense in X and F ⊂ P , it follows that F is nowhere dense in X. Therefore, Q 0 = V 0 \ F = V 0 . We have x * ∈ Q 0 \ Q 0 , because x * ∈ F . Hence x * is an accumulation point for the sequence (S k ) k∈ω and u((S k ) k∈ω ) = ∅.
(2) We set P n = k≥n S n,k . Consider the homeomorphism f n : Q n → P n defined by f n (x) = h n,k (x) if x ∈ S k . Corollary 1 implies the existence of ã f n ∈ Aut(X), for which thatf
The inclusions W n,k ⊂ U n,k for n, k ∈ ω and Lemma 2 imply
Homogeneous Subspaces of Product Spaces
Theorem 2. Let X be a homogeneous β ω space. Then any compact subspace of X is finite.
Proof. Suppose that, on the contrary, X contains an infinite compact subspace. By Proposition 1 we have sp k (x, X) = ω * for each x ∈ X, which contradicts Propositions 3 and 6.
Corollary 4. Any compact subspace of a homogeneous extremally disconnected space is finite.
Corollary 4 is also implied by Theorem 2(c) in [22] . Proof. Suppose that, on the contrary, X contains a nonmetrizable compact subspace K. Then Statement 7 implies the existence of a sequence ζ = (z m ) m∈ω ∈ S dk (X) such that ζ is homeomorphic to β ω. Take z ∈ X. For each p ∈ ω * , we fix f p ∈ Aut(X) such that f p (lim p ζ) = z.
By virtue of Proposition 7 there exists a C ⊂ ω * , |C| = 2 2 ω , consisting of pairwise ≤ KR -incomparable selective ultrafilters.
Statement 8 implies that, for each p ∈ C, there exists an m p ∈ ω and an N p ∈ p such that the set {π mp (z n ) : n ∈ N p } is discrete and π mp (x j ) = π mp (x i ) for any different i, j ∈ N p . Since |C| > ω, there are different p, q ∈ C for which m = m p = m q . Therefore, p, q ∈ sp k (π m (z), X). This contradicts Proposition 3.
Corollary 5. (CH)
Let Y be a β ω space, and let X ⊂ Y ω be a homogeneous compact space. Then X is metrizable.
Theorem 4. (CH)
Let Y be a β ω space, and let X be a homogeneous subspace of Y n for some n ∈ ω. Then any compact subspace of X is finite.
Proof. Let K ⊂ X be a compact set. Then K is metrizable by Theorem 3.
Since all metrizable compact sets in any β ω space are finite, it follows that the projection of K on any factor in Y n is finite. Therefore, K is finite. In what follows, we treat positive integers as sets of smaller integers. Let X ⊂ Y n , where X and Y are sets and k, n ∈ ω. We write dim p (X) ≥ k if there exists a set M ⊂ n, |M | = k, and a sequence (x i ) i∈ω ⊂ X such that π m (x i ) = π m (x j ) for any m ∈ M and any different i, j ∈ ω. We set dim p (X) = max{m : dim p (X) ≥ m}.
Let P(Y, n, k) denote the family of sets of the form {p} × Y M , where M ⊂ n, |M | = k, and p ∈ Y n\M . We set
Given q ∈ Y n , we put
Statement 14.
Suppose that Y is an infinite set, n ∈ ω, k ≤ n, and X ⊂ Y n . Then the following assertions hold:
(4) given q, r ∈ Y n , q ∈ P r (Y, n, k) if and only if |{i < n :
Assertion (2) follows from the observation that if dim p (X) ≥ k, then, by definition, we have either dim
Let us prove (3). Obviously, we have dim p (Q) = k for Q ∈ P(Y, n, k), so that it suffices to apply (2) .
Assertion (4) follows from the definitions. Let us prove (5). Assertions (1) and (3) imply that if X ⊂ M for some
Assume the contrary. Let us construct a sequence (q n ) n∈ω ⊂ X by induction on n as follows. Take any q 0 ∈ X. Having constructed q 0 , ..., q n−1 ∈ X, we choose q n ∈ X \ n−1 i=0 P * qi (Y, n, k). Note that q m / ∈ P * qn (Y, n, k) for m, n ∈ ω. Consider the set M n,m = {i < n : π i (q n ) = π m }; according to assertion (4), we have |M n,m | > k. Let M denote the family of all finite sets n. We color the complete graph on the ω elements of M by assigning the set M n,m to each edge {n, m}. According to Ramsey's theorem, there exists an infinite set
By definition, we have dim p (X) ≥ |M | > k. Let us prove (6) . Assertion (5) implies the existence of a finite set γ ⊂ P(Y, n, k) for which X ⊂ γ. Since γ consists of closed sets, it follows that x ∈ int X (X ∩ γ 1 ) and x / ∈ X ∩ γ 1 , where γ 1 = {F ∈ γ : q ∈ F } and
Proposition 19. Suppose that Y is an F-space, n ∈ ω, n > 1, and X ⊂ Y n is a homogeneous space. Then dim p (K) < n − 1 for any compact subspace K ⊂ X.
Proof. Assume the contrary. Then dim p (K) ≥ n − 1. There exists a set M ⊂ n with |M | = n − 1 and a sequence ζ = (x i ) i∈ω ⊂ K such that π m (x i ) = π m (x j ) for m ∈ M . We can assume without loss of generality that M = {1, 2, . . . , n−1}. Passing to a subsequences if necessary, we can also assume that the sequences ζ i = (π i (x j )) j∈ω are discrete and ζ i ∈ S dk (X) for i > 0. Proposition 6 implies the existence of three pairwise ≤ KR -incomparable weak P ultrafilters p, q, and r. Let x = lim p ζ = (x 0 , . . . , x n−1 ). By virtue of Proposition 1 we have sp k (x, X) = ω * . There exist ξ = (u n ) n∈ω and ρ = (v n ) n∈ω ∈ S dk (X) for which x = lim q ξ = lim r ρ. According to Proposition 5, for i = 1, 2, . . . , n − 1, we have M i = {n ∈ ω : π i (u n ) = x i } ∈ q and N i = {n ∈ ω : π i (v n ) = x i } ∈ r. We set M = n−1 i=1 M i and N = n−1 i=1 N i . Then M ∈ q, N ∈ r, {u n : ∈ M } ⊂ F , and {v n : ∈ N } ⊂ F , where F = {(w, x 1 , . . . , x n−1 : w ∈ Y }. The space F is homeomorphic to Y , and q, r ∈ sp k (x, F ). This contradicts Proposition 3.
Proposition 20. If Y is a β ω space, n ∈ ω, and X ⊂ Y n is homogeneous, then dim p (K) > 1 for any infinite compact space K ⊂ X.
Proof. Suppose that, on the contrary, X contains an infinite compact set and dim p (K) ≤ 1 for any compact space K ⊂ X. Let q ∈ X. By Proposition 1 we have sp k (q, X) = ω * . Proposition 6 implies the existence of n + 1 pairwise incomparable ultrafilters r 0 , r 1 , . . . , r n ∈ ω * . For each i < n + 1, choose ζ i = (x i,k ) k∈∈ω ∈ S dk (X) so that q = lim ri ζ i . For K = n i=0 ζ i , we have dim p K = 1. Let P q (X, n, 1) = {F 0 , F 1 , ..., F n−1 }. It follows from Statement 14(6) that if i ≤ n, then {k ∈ ω : x i,k ∈ F mi } ∈ ζ i for some m i < n. Thus, m = m i = m j for some i < j < n, so that r i , r j ∈ sp k (q, F m ). Since F m is homeomorphic to Y and Y is a β ω space, we have obtained a contradiction to Proposition 3.
Theorem 5. Let Y F-space, and let X ⊂ Y 3 be a homogeneous space. Then any compact subspace of X is finite.
Proof. Suppose that, on the contrary, X contains an infinite compact set K. Then Proposition 19 implies dim p K < 3 − 1 = 2, and Proposition 20 implies dim p K > 1.
Question 2. Let Y be an F-space, and let X ⊂ Y 4 be a homogeneous space. Is it true that any compact subspace of X is finite? Proposition 21. Suppose that Y is a space, n ∈ ω, X ⊂ Y n is a zerodimensional homogeneous compact space, and k = dim p X. Then there exists a finite space Z such that X is embedded in Z × Y k and (Z × Y ) k .
Proof. According to Statement 14(5), we have X ⊂ γ for some finite set γ ⊂ P(Y, n, k). The family P(Y, n, k) consists of closed subsets; therefore, int X (X ∩ F ) = ∅ for some F ∈ γ.
Since X is a homogeneous zero-dimensional compact set, it follows that there exists a finite partition λ of X into clopen subsets such that each U ∈ λ is embedded in int X (X ∩ F ) ⊂ F . The space F is homeomorphic to Y k ; hence X is embedded in Z × Y k , where Z is a finite discrete space of cardinality |Z| = |γ|.
Theorem 6. If Y is an F-space, n ∈ ω, and X ⊂ Y n is a homogeneous compact space, then X is finite.
Proof. Suppose that, on the contrary, X is infinite. We can assume that n is the least positive integer m such that X is embedded in the mth power of an F-space. All F-spaces are zero-dimensional; therefore, dim p X = n by Proposition 21. This contradicts Proposition 19.
